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ABSTRACT
We consider nonnegative solutions to the Cauchy problem or to the exterior
Dirichlet problem for the quasilinear parabolic equations u: = Au™ 4 u?
with 1 < m < p. In case of the Cauchy problem, it is well known that
pk, = m + 2/N is the critical exponent of blow-up. Namely, if p < py,,
then all nontrivial solutions blow up in finite time (blow-up case}, and if
p > pl,, then there are nontrivial global solutions (global existence case).
In this paper we show: (i) For the Cauchy problem, p}, belongs to the
blow-up case. (ii) For the exterior Dirichlet problem, p}, also gives the

critical exponent of blow-up.

1. Introduction

Let @ = RY or an exterior domain in RY with a smooth boundary 9Q. We

consider the initial-boundary value problem

(1.1) Ou = Au™ +uP, (x,t) € 2 x(0,T),
(1.2) w(z,0) = up(z), =€,
(1.3) u(z,t) =0, (z,t)€dx(0,T)
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(if @ = R, the boundary condition (1.3) is dropped), where m > 1, p > 1
and uo(x) > 0. We shall only consider nonnegative solutions u. If ug(z) €
BC(Q) (bounded continuous functions), then a unique weak nonnegative solution
of (1.1)-(1.3) exists at least for sufficiently small T > 0. When T = oo we say
u is global. Otherwise we say u blows up in finite time. In the latter case, it
follows that

sup u(z,t) > 00 as t17T.
zeRN

In case © = RN, the following results are well known by the classical papers of
Fuyjita [3] (when m = 1) and Galaktionov et al. [5] (when m > 1).

(I)If 1 < p < m+2/N, then all nontrivial nonnegative solutions of (1.1)—(1.3)
blow up in finite time.

(I) If p > m + 2/N, then global solutions of (1.1)—(1.3) exist when the initial
data are sufficiently small. Case (I) is called the blow-up case; (II) is called the
global existence case. The number

(1.4) P =m-+2/N

is called the critical exponent. Hayakawa [7] and Weissler [19] completed Fujita’s
result by showing that p} belongs to the blow-up case. More recently, Bandle-
Levine [1] proved that p} is still the critical exponent if R" is replaced by any
exterior domain . However, in this case it is not yet established whether or not
P} is in the blow-up case. On the other hand, in case m > 1, there are few works
which shapen or extend the above result of [5], and p;, is not known to be in the
blow-up case or not even when Q = R (a rather complete survey of such results
and related problems was given in Levine [11]). It is the purpose of this paper to
answer some of these open problems. More precisely, our results are summarized

in the following two theorems.

THEOREM 1: The case @ = RN, If N > 1 and 1 < m < p < p?,, then all
nonnegative, nontrivial solutions of the Cauchy problem (1.1), (1.2) blow up in
finite time.

THEOREM 2: The case Q # RV,
(i) If N >2and 1 < m < p< p}, then all nonnegative, nontrivial solutions
of (1.1)—(1.3) blow up in finite time.
(ii) If N > 2 and p > p}, (m > 1), then global solutions of (1.1)~(1.3) exist
when the initial data are sufficiently small.
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As is mentioned above, these theorems involve some known results. However,
in the following, we shall give a unified proof to all the assertions of Theorems
1 and 2 (i). Our proof restricted to the known results differs from those given
in the preceding works. Theorem 2 (ii) easily follows from the corresponding
result (II) for @ = RY if we make use of a comparison theorem for parabolic
equations. Moreover, the comparison theorem is applicable to reduce Theorem
2 (i) to the special problem (1.1)—(1.3) with @ = Eg = {z : |[z| > R}, R > 0.
In the following, without loss of generality, we assume that ug(x) is of compact
support in :

(1.5) uo(z) € Co(S).

Then it follows that u(-,t) € L*(Q) for each ¢ € (0, T) (Proposition 2.2). To show
Theorems 1 and 2 (i) with = Ep, we shall first establish a blow-up condition
on the initial data. Let u be a global solution to (1.1)—(1.3) with @ = Ep (we
mean Eq = RY). Put

(1.6) IR(t;€)=/ u(z, t)pr(lz))e~0=-F’dz, e e (0,1),
Egr

where po(r) =1 and, if R > 0,

=R N>3

pey k)

(1.7) PR(r) = {logr —logR, N=2.

Then our blow-up condition in turn implies that
(1.8) Io(t;€) < Co(N)eN/2+1/(p=m)
for any t > 0, where Co(N) = #N/2(2N)1/(°=m) and if R > 0,

Cr(N)e—N/2+1/(p~m) , Z
(1.9) Ir(tie) < { ngz)z—lﬂ/(p—m) 10gg51—41—/g)(3}+ o(1)}, % i :

for any t > 0, where Cr(N) = 7V/2(2N + 4)1/(p-m),
If m < p < py,, then letting ¢ — 0 in (1.8) and (1.9), we obtain

(1.10) /E u(z, Hpr(le))dz = 0,
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which concludes u(z,t) = 0. On the other hand, if p = p},, then except the case
N =2and R > 0, we can let ¢ — 0 in (1.8) and (1.9) to obtain

(1.11) | ut@t)oallel)ds < Ca().
Er
This and equation (1.1) imply another inequality
(112) | [ s tron(edzdt < Ca),
0o JEg

If we restrict ourselves to the case R = 0, i.e., @ = R, then with this inequality,
u(x,t) = 0 is also concluded by reduction to absurdum.

The blow-up condition which implies (1.8) or (1.9) is obtained based on an
extended form of Jensen’s inequality. Similar forms have been introduced and
used in Bandle-Levine [1] when m = 1. In the proof of critical blew-up, Hayakawa
(7] and Weissler [19] reduced the problem to an integral equation, and made use
of the explicit formula of the heat kernel. Similar approaches were employed by
Levine-Meier [12] and Hamada [6] to establish another critical blow-up in cones.
Our treatment differs from theirs since ours is based just on the weak formulation
of equation (1.1) which we use to obtain inequality (1.12).

The rest of the paper is organized as follows: In the next §2 we define a
weak solution of (1.1), and prepare several preliminery propositions. A blow-up
condition on initial data is given in Proposition 2.3. In §3 we consider the case
Q = R" and prove Theorem 1. Finally, in §4 we partly extend the argument
of §3 to the exterior problem (1.1)—(1.3). Theorem 2 (i) is initially proved for
the special case Q = Fr. To complete the proof of the general case, we are able
to apply the comparison theorem. Theorem 2 (ii) also applies the comparison
theorem.

After completing this work, we encountered the works of Galaktionov [4] and
Kawanago [9] which also prove our Theorem 1. Their proofs are different from
ours. Galaktionov [4] reduces the problem to the nonexistence problem of sta-
tionary profile for some rescaled equation to (1.1). Kawanago [9] uses a blow-up
condition given by Levine-Sacks [13] to prove his results. This condition differs
from ours. More recently, based on our results, some progress has been made
in the related problems. Suzuki [18] proved that the critical exponent p?, in
Theorem 2 also belongs to the blow-up case if N > 3. Mochizuki-Mukai [14]
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extended our results and Suzuki’s to the fast diffusion problem (1.1)-(1.3) with
max{0,1—2/N} <m < 1.

2. Preliminaries

We begin with the definition of a weak solution of (1.1).

Definition: By a solution of equation (1.1) in  x (0,T) we mean a function
u(z,t) in Q x [0, T) such that
(i) u(z,t) > 0and € BC(Q x [0,T"]) for any 0 < T* < T.
(ii) For any bounded domain G C ©, 0 £ 7 < T and nonnegative o(x,f) €
C%(Q x [0, T)) which vanishes on the boundary 8G,
/Gu(z,r)cp(x, T)dz —-/ u(z, 0)p(z,0)dx

G
(2.1) =/ /{u<pt+umA<p+u”<p}dxdt—// u™ O, pdSdt,
e o Jag

where n denotes the outer unit normal to the boundary. A supersolu-
tion [or subsolution] is similarly defined with equality (2.1) replaced by >
for <].

Note that every weak solution is classical near the point (x, t) where u(z,t) > 0.

Assume that

(2.2) /{cp + 18] + V| + |Ap|}dz < 00 and ¢(z,t) =0 on 82 x [0,T).
0

Then by a limit procedure we easily have

/u(z,r)go(:z:,r)dx—/u(w,0)<p(z,0)da:
Q Q

(2.3) :/ /{u¢t+umA<p+u”<p}dxdt—/ / U™ O pdSdt.
0o Jo 0o Jon

The following comparison principle is well known for quasilinear equation (1.1)
(see, e.g., Bertsch-Kersner—Peletier [2; Appendix]). The result will be freely used
in the sequel.

PROPOSITION 2.1: Let u [or v] be a supersolution [or subsolution] of (1.1). If
u > v on the parabolic boundary of Q x (0,T), then we have u > v in the whole
Qx[0,T).

As a result of this comparison principle we can show the following
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PROPOSITION 2.2: Let u(x,t) be the solution to (1.1)—(1.3) with ug(z) € Co(Q).
Then u(-,t) € L*(Q) for each 0 < t < T. More precisely, for any fixed0 < T' < T,

we have:
(1) If m = 1, then there exists a C(T") > 0 such that

(2.4) u(z,t) < C(T)e~#'7%  inqQ x[0,T).
(i) If m > 1, then there exists a compact domain K C  such that
(2.5) suppu(-,t) C K for any t € [0,T"],

where supp u is the support of u in x € Q.

Proof: (i) Put

a(T) = sup  u(r,t)PL
(x,t)EQX(0,T")

Then it follows from (1.1) that
du < Au+a(Thu, (z,t)eQx(0,T].
Let M > 0 be chosen to satisfy
uo(x) < M(4m)~N2e~1al’/4 4 e q.

Then comparing e‘“(T')tu(x, t) with the solution to the initial value problem

Ow = Aw, (z,t) € RN x (0, 0),
w(z,0) = M(4r)~N/2e=1=*/4 e RN,

we obtain
u(z,t) < e*T VM (4n(t + 1))V e 1=l /44 )

in  x [0,7"]. Thus, (i) is proved.
(i1) Let a(T") be as above. As is easily seen, the initial value problem

dw=Aw™ +a(Tw, (z,t) € RN x (0,00)
w(z, 0) = uo(x), reRVN

has a global solution w. In fact, this problem has a supersolution

W(t) = Toe* T, T = supug(z)
z€Q
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which is global in ¢t > 0. By the comparison argument we have u < w < W in
€ x (0,T’]. On the other hand, as is proved in Mochizuki-Suzuki [15; Theorem
2.4], w(-, t) is compactly supported in R for each ¢ € [0,7"]. Thus, (ii) is proved.
|

Next, we shall establish a blow-up condition on initial data. The proof is
almost the same as in Imai-Mochizuki [8; Theorem 1.1]. In case of m =1, a
similar condition has been used in Bandle-Levine [1; Theorem 2.3].

We assume the existence of the pair {A,s(x)} satisfying the following
properties:

A>0; s(z)eC? ) and s(z)>0in Q;
(2.6) As(z) > -Xs(z), inQ and s(z)=0 on Y

[ {560+ 1950 + [2s(@)] o < o

With this function s(z) we define J(¢), t > 0, as follows:

(2.7) J(t) = (/Q s(:c)dx>—1/ﬂu(z,t)s(a:)dz.

PROPOSITION 2.3: Let u be a solution to (1.1)-(1.3) with p > m. If ug is large
enough to satisfy

(2.8) J(0) > A/ =™

then u is never global in t.

Proof: We choose ¢ = s(z) in (2.3). Then noting (2.6), we have

J(r) - J(0) > (/Q s(av)dx)—1 /OT /Q{—)\um + uP}s(x)dzdt.

Put
3\ Y/ (p=m)
—XE™ 4 €7, £> ("‘— ,

p
_ p/(p—m) 1/(p—m)
p—m (m/\) C0<t< (m)\) .
m p p

Then, by the Jensen inequality,

(2.10) J(t) > J(0) + /T T(J(t))dt = a(r).
0
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Since T'(€) > 0 in & > A/(P~™) the continuity of J(t) in ¢ and (2.8) imply
J(t) > AY/P=m) in 0 < t < tg if tp > 0 is chosen sufficiently small. We shall
show J(t) > A/(P~™) as long as J(t) exists. Assume on the contrary that
J(t) < AV/(P=m) for some t > tg. Let 7o be the smallest such value. Inequality
(2.10) with 7 = 79 then leads to a contradiction since we have [;° T'(J(t))dt > 0.
The above result shows that a(r) > J(0) in any 7. Moreover, since I'(§) is
increasing in € > AY/(®=™) it follows from (2.10) that

I'(J(r)) > T(a(r)) > 0.

Integrate both sides of the inequality 1 < I'(J(7))/T'(e(r)) over (0,¢). Then we

have
t</a(”£</°° . S
= Jaoy T€) ~ Jyoy —AE™+EP ’
from which we see that u is never global in ¢. §

The weak local solution u to (1.1)—(1.3) has been constructed as in Oleinik et
al. [16] based on a result of Ladyzhenskaja et al. [10] for nondegenerate problems.
This shows that the existence time of u(t) depends only on the value

[¢o]leo = sup wuo(z).
zeRN
In fact, by means of the uniqueness of solutions and the comparison principle,
u(t) is shown to exist at least up to the existence time of the supersolution

. -1/(p-1)
o(0) = {IuollZ* - (0= 1}
0 (1.1)—(1.3). The following proposition is a result of this fact.
PROPOSITION 2.4: Let u be the solution to (1.1)-(1.3). If u is not global in

t, then it blows up in finite time. More precisely, let Ty > 0 be the maximal
existence time of u. Then we have
(2.11) sup u(z,t) oo astTTh.
z€RVN

We shall close this section by giving a concrete expression of the (elementary)
solution to the initial value problem

dv = Av™, (z,t) € RN x (0,00),

v(z,0) = Lé(z), =z€RN,

where L > 0 and §(z) is Dirac’s é-function.

(2.12)
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PROPOSITION 2.5: Let

- 2 -1 _ * -1
(2.13) e-(m—1+—ﬁ) = (p}, ~ 1)
and
(47r)'N/2e"’2/4, m=1,
2.14 Gn(s) = m—
(2.14) (®) {[A—Bsz]i" Y om>1,
where [a], = max{a,0}, B = %;Nﬂ and A > 0 is chosen to satisfy

RN
Then the solution to (2.12) is given by
(2.15) En(z,8;L) = L(L™ ) G (2| (L™ 18)~¢/N).

Proof: I m =1, (2.15) gives the usual heat kernel. (2.15) with m > 1 is also
well known as the Barenblatt solution to the porous media equation (2.12) (see,
e.g., Pattle [17]). |

3. Proof of Theorem 1

In this section we consider the solution u(z,t) to the Cauchy problem (1.1), (1.2)
with @ = R" and ug(z) € Co(RV).
Theorem 1 will be proved in a series of lemmas.

LEMMA 3.1: Assume that u is global. Then we have
(3.1) Io(t;e) = / u(z, t)e~ = dx < Co(N)e=N/2+1/(p=m),
RN

for any t > 0, where Co(N) = nV/2(2N)V/ (p—m),

Proof: Choose s(z) = s¢(z) = e=<lel® in (2.7). As is easily verified, this function
satisfies properties (2.6) with @ = RY and A = 2Ne. Since

/ e~elel’ gy = e‘N/2/ e~ WP dy = pN/2¢=N/2
RN RV

The blow-up condition (2.8) is reduced to
/ uo(z)e~ 4% dz > w2~ N2 (2N e)H (0=™) = Co(N)e=N/ 241/ (0=m),
RN

Thus, every global solution u must satisfy the converse inequality (3.1). |
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LEMMA 3.2: Assume that u is global.
(i) If1 < m < p < pk,, then we have

(3.2) / u(z,t)dr =0 for anyt > 0.
RN
(ii) Ifp = p:,, then we have

(3.3) / u(x,t)dr < Co(N) = 2N7)N'?  for any t > 0.
RN

Proof:  Since u(-,t) € L'(RN) by Proposition 2.2, the Lebesgue dominated

convergence theorem shows

Hm u(x,t)e_elzlzdac:/ u(z, t)dz.
e—0 Jg~ RN

On the other hand, in (3.1) the exponent of ¢ is

N 1 N(p;, — p)
- = > 0.
2 pTm T 2p-m)

Thus, letting € — 0o in (3.1), we conclude the assertions of the lemma. 1

LEMMA 3.3: Assume that u is global. If p = p},, then we have

(3.4) / ” / u(z, t)Pdz < (2NT)N/2,
0 RN

Proof: We also use Proposition 2.2. Since u(-,t) € L'(RN), we can choose
w =1 as a test function in (2.3). Then we have

(3.5) /RN u(x, 7)dx — /RN uo(z)dz = /OT /RN u(z, t)Pdzdt,

and (3.4) is concluded from (3.3) and (3.5). ]
The next lemma will estimate the solution v to the Cauchy problem

(3.6) { B = Av™, (z,¢) € RV x (0, 00)

v(z,0) = ug(z), z € RN

from below.
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LEMMA 3.4: Let ug(z) £ 0.
(i) If m = 1, then for any to > 0, there exists a constant C(ty) > 0 such that

(3.7) v(z,t) > C(to)Ei(z,t/2;1)  in RN x [to, 00).
(ii) If m > 1, then there exists Ly > 0 and t; > 0 such that

(3.8) v(z,t) > Ep(z,t+t1;L;)  in RN x [0,00).

Proof: Without loss of generality, we can assume that ug(0) > 0. Then there
exists a small § > 0 such that ug(z) > a > 0 in Bs = {z; |z| < é}.
(i) We have

o(e1) = Ey( ;1) % uo(z) > (dmt)~N/ 211/ / e 2400 () dy,
RN

where * means the convolution in R". Then choosing

Clto) = 2“N/2a/ e‘|y|2/2t°dy >0,
By
we obtain (3.7).
(ii) Note that (2.15) with m > 1 gives
1/(m—1)

Ep(z,t; L) = L*Nt=¢ [ A - Bla (L™ 18)"2/N
+

For fixed L > 0 we first choose t; > 0 so small that (A/B)Y2(L™t,)*/N < 6.

Next, we choose L; > 0 very small to satisfy Lfe/ Ntl_zA < a. Then we have

ug(z) > Em(x,t1; Ly).

Applying the comparison argument, we obtain (3.8). |

Proof of Theorem 1: As is mentioned in Proposition 2.4, every nonglobal solu-
tion to (1.1), (1.2) blows up in finite time. So, to complete the proof we have only
to show that every nontrivial solution is nonglobal. Contrary to the conclusion,
assume that for given ug(x) £ 0, the Cauchy problem (1.1), (1.2) has a nontrivial
global solution u.

In case 1 < m < p < p},, this assumption and Lemma 3.2 (i) contradict each
other since (3.2) implies u(z,t) = 0. So, we have only to consider the critical
case p = py,.
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Let v satisfy (3.6). Then v becomes a subsolution to (1.1), (1.2), and we have
v < u in the whole R" x [0,00). Combining this and Lemma 3.4, we obtain

C(tO)El(x’ t/2; 1), t > to, m =1,
u(z,t) 2 {Em(x,t+t1;L1), t>0, m > 1.

Thus, it follows from Lemma 3.3 that
(2Nm)N/2 > / / {C(to) Ex(x,t/2; 1)}Pdzdt
to JRN

(3.9) = C(to)? / T(zm)—NP/“’(zt)N/?dt / e~Plel’ g,
RN

to

for any 7 > tg if m =1, and
(2NT)N/2 > / / Ep(z,t +ty; Ly)Pdzdt
0 JRN
(3.10) =17 / (L) ~PH (L7 1t) dt / Gm(|z|)Pdx
t RN

for any T > t; if m > 1. Here, since p = p},, we have N(p—1)/2 =1 in (3.9)
and £(p — 1) =.1 in (3.10). Then the right sides of both inequalities go to oo if
we let 7 — oo.

Thus, a contradiction occurs, and the proof of Theorem 1 is completed. ]

4. Proof of Theorem 2

We shall first consider the special case ! = Er, R > 0. In order to obtain an
inequality corresponding to (3.1), we have to modify the function e~el=I” to fit
‘the exterior problem.

LEMMA 4.1: We put s.(z) = pR(|x|)e‘€("”|"R)2, where

r—R
(4.1) pR(T) = { r ? N Z 3,
logr — log R, N =2

Then this s.(x) satisfies properties (2.6) with Q = Fg and A = 2(N + 2)e.

Proof: We shall show the inequality
(4.2) Asc(z) > ~2(N + 2)esc(z) in Epg.

The other properties are more easily verified.
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We put r = |z|. Then 8,pr = Rr~2if N >3 and =r~1if N =2, and

N-1 (N-3)Rr3, N>3

A = 2 ——0 pacd ! - ’

PR (3,-%- r 3)pR {0, N=2.
Noting Apg > 0, we have

Ase(z) > prAe=<r—R? | 2((9,;)}3)6?Te"€("m2

(4.3) > —2Nese(x) — 4e(r — R)(B,pR)e*e(’"_R)Z.
Here

R

—PR; N >3,
(4.4) (T' - R)@TpR = r r—R N 0

r(logr ~logR)pR’ -

<1in FEpg, (4.3) and (4.4) show (4.2). |

-R R
Since ’ =

_— <
r(logr —log R) ~

LEMMA 4.2: For s.(z) given above, we have

3 7r1\//26-1\//2{1+ 1}, N>3
(4.5) /ER se(z)dr = {m_l log(e—1/2){01 +0(1)}, N=2

as e — 0.

Proof: Note that
/E s¢(x)dx = N2y /000(6 + PRV pp(e™ /%6 + R)e‘fzdf
where wp is the surface area of the unit sphere. Here,
E+ PRV Tpp(e 2+ R) < (€+ RV, and —»&VTh ase—0
it N >3, and
[log(e™/%)] (¢ + €/*R)pr(e™ /% + R)

§(£+R){1+log(£;R)}, and - § ase—0

if N = 2. Thus, we conclude the above assertion in virtue of the Lebesgue

dominated convergence theorem. ]

With these two lemmas, we can follow the line of proof of Lemma 3.1 to obtain
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LEMMA 4.3: Let ug be a global solution to (1.1)-(1.3) with 2 = Eg. Then we
have
In(ti) = [ un(z or(fahe It ds
Er

(4.6) < { CR(N)e=N/ZH1/(e=m){1 4 o(1)}, N>3
' = | Cr(2)e~ 1+ P=m) Jog(e=/2) {1 + 0(1)}, N =2
for any t > 0, where Cg(N) = n#V/2(2N + 4)1/(p=m),
Proof of Theorem 2 (i): (Special case) Let ug be as in the above lemma. Note

that ug(-,t) € L}*(ER) by Proposition 2.2, and the exponent of ¢ in (4.6) is

N 1 _ N(@,-
N, _NEn =P
2 p-m  2p-m)

Thus, letting € — 0 in (4.6), we obtain

(4.7) / up(z,t)pr(|z])de =0

Er

for any t > 0. Since pg(|z|) > 0 in Eg, it follows that ug(z,t) = 0.

As in the case of the Cauchy problem, this proves Theorem 2 (i) for = Ep.
B
Proof of Theorem 2 (i): (General case) Let u be a global solution to (1.1)-(1.3)
with any exterior domain 2. We choose R > 0 so large that Er C 2. Assume
that v is nontrivial. Then u(z,t) > 0 in £ x (0, 00) if m = 1. On the other hand,
if m > 1, by use of the Barenblatt solution (2.15), we easily see that supp u(-, )
spread out to the whole Q as t — oo. Thus, from the beginning, we can assume
that there exists a nonempty domain K C Epg such that up(z) > 0 in K.

Let ur be the solution to (1.1), (1.2) with € = Er and with initial condition

ur(z,0) = i (z)uo(z),
where i (z) € C(K) is any function satisfying
O0<pk(z)<1 inK, and ¢g(z)=0 ondK.
Then we can compare u and ug to obtain

(4.8) u(z,t) > ur(z,t) in Eg x [0,00).
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However, as we know in the above proof, ug blows up in finite time. Hence, (4.8)
contradicts the assumption that u is global.
Theorem 2 (i) is thus completely proved. 1

Proof of Theorem 2 (ii): We choose ug(z) € Cy{2), Z 0, so small that the
Cauchy problem (1.1),(1.2) in R" x (0, T) has a global, nontrivial solution %(z, t).
Let u be a solution to (1.1)—(1.3) with the same initial data ug. Then we can
also compare these two functions to obtain

u(z,t) <u(z,t) inQx[0,7T).

If we assume that u blows up in finite time, this raises again a contradiction since
@ is global. Theorem 2 (ii) is thus proved. ]
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